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Abstract. Most of this paper consists of the derivation of general beam-referenced stage-two spin-correlation
functions for the analysis of top–antitop pair production at the Tevatron, at the Large Hadron Collider,
and/or at an International Linear Collider. However, for the charged-lepton plus jets reaction qq̄ → tt̄ →
(W+b)(W−b̄) → (l+νb)(W−b̄), there is a simple three-angle spin-correlation function for the determination
of the relative sign of or for the measurement of a possible non-trivial phase between the two dominant
λb = −1/2 helicity amplitudes for the t → W+b decay mode. For the CP -conjugate case, there is an
analogous function and tests for t̄ → W−b̄ decay. These results make use of W -boson longitudinal–
transverse interference.

1 Introduction:
W -boson longitudinal-transverse interference

In part because of the large top-quark mass [1] and prop-
erties of QCD,W -boson polarimetry is a particularly pow-
erful technique for empirical investigation of the t → W+b
decay mode from top–antitop pair-production data for the
“charged-lepton plus jets” channel [2]. For this channel,
there is the sequential decay t → W+b → (l+ν)b, with
t̄ → W−b̄ in which the W− decays into hadronic jets.
Since the final state is the (l+ν) decay product of the W+,
there are observable effects from W+ boson longitudinal–
transverse interference. For instance, a contribution to the
angular-distribution intensity function is the product of
an amplitude in which the W+ is longitudinally polarized
with the complex-conjugate of an amplitude in which the
W+ is transversely polarized, summed with the complex-
conjugate of this product. The helicity formalism [3]1 is a
general method for investigating applications of W -boson
interference in stage-two spin-correlation functions for de-
scribing the charged-lepton plus jets channel, and for the
di-lepton plus jets channel.

Most of this paper consists of the derivation of general
beam-referenced stage-two spin-correlation functions (BR-
S2SC) [4,5]23 for the analysis of top–antitop pair produc-

a e-mail: cnelson@binghamton.edu
1 We use the Jacob–Wick phase convention which includes

the phase convention of Rose for the d functions.
2 Classic theoretical papers on top–antitop spin-correlation

functions and top-quark polarization tests for hadron colliders
can be found in [6].

3 For hadron colliders, next-to-leading-order QCD corrections
for top–antitop physics are reported in [7] Finite decay-width
effects are in [8], electroweak corrections are in [9]. For eē → tt̄

tion at the Tevatron [1], at the Large Hadron Collider [12],
and/or at an International Linear Collider [13]. However,
as a simple result which illustrates W -boson longitudinal–
transverse interference, for the charged-lepton plus jets
reaction qq̄ → tt̄ → (W+b)(W−b̄) → (l+νb)(W−b̄) we
have found that there is a three-angle spin-correlation func-
tion for
(i) determination of the relative sign of [14,15], or for
(ii) measurement of a possible non-trivial phase between
the two dominant λb = −1/2 helicity amplitudes for the
t → W+b decay mode [16]. For the CP -conjugate case,
there is an analogous function and tests for t̄ → W−b̄ decay.

Tests for non-trivial phases in top-quark decays are
important in searching for possible T̃FS violation. T̃FS in-
variance will be violated if either
(i) there is a fundamental violation of canonical time-
reversal invariance, and/or
(ii) there are absorptive final-state interactions. For in-
stance, unexpected final-state interactions might be asso-
ciated with additional t-quark decay modes. To keep this
assumption of “the absence of final-state interactions”man-
ifest in comparison to a detailed-balance or other direct
test for fundamental time-reversal invariance, we refer to
this as T̃FS invariance [5, 17]. Measurement of a non-zero
primed top-quark decay helicity parameter, such as η′ orω′,
would imply T̃FS violation; see Appendix B. “Explicit T̃FS
violation” will occur [16] if there is an additional complex
coupling gi

2Λi
associated with a specific single additional

Lorentz structure, i = S, P, S ± P, . . .
For the sequential decay t → W+b followed by W+ →

l+ν, the spherical angles θa, φa specify the l+ momentum

production, higher-order QCD corrections are treated in [10].
Electroweak corrections are calculated in [11].
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Fig. 1. In the (tt̄)CM frame, the “final coordinate system”
(x̂, ŷ, ẑ) for specification of the beam direction by the spherical
angles θq, φq. Note that ψ is the smaller angle between the
W1

+ and W2
− momenta. For the sequential decay t → W+b

followed by W+ → l+ν, the spherical angles θa, φa specify the
l+ momentum in the W1

+ rest frame when there is first a boost
from the (tt̄)CM frame to the t1 rest frame, and then a second
boost from the t1 rest frame to the W1

+ rest frame; see Fig. 5
below. The 0◦ direction for the azimuthal angle φa is defined
by the projection of the W2

− momentum direction

in the W1
+ rest frame (see Fig. 1) when there is first a

boost from the (tt̄)CM frame to the t1 rest frame, and
then a second boost from the t1 rest frame to the W1

+

rest frame. The 0◦ direction for the azimuthal angle φa is
defined by the projection of theW2

− momentum direction.
Correspondingly (see Fig. 2) the spherical angles θb, φb

specify the l− momentum in the W2
− rest frame when

there is first a boost from the (tt̄)CM frame to the t̄2 rest
frame, and then a second boost from the t̄2 rest frame
to the W2

− rest frame. The 0◦ direction for the azimuthal
angle φb is defined by the projection of theW1

+ momentum
direction. As shown in Fig. 3, the two angles θt

1, θ
t
2 describe

the W -boson momenta directions in the first stage of the
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Fig. 2. Supplement to Fig. 1 to specify the CP -conjugate se-
quential decay t̄ → W−b̄ followed by W− → l−ν̄. The spherical
angles θb, φb specify the l− momentum in the W2

− rest frame
whenW1

+ rest frame when there is first a boost from the (tt̄)CM

frame to the t̄2 rest frame, and then a second boost from the
t̄2 rest frame to the W2

− rest frame. The 0◦ direction for the
azimuthal angle φb is defined by the projection of the W1

+

momentum direction. To better display the other angles, the
values of the angle ψ are different in Figs. 1 and 2

sequential decays of the tt̄ system, in which t1 → W1
+b and

t̄2 → W2
−b̄. Throughout this paper, the subscripts “one”

and “two” will be used to distinguish the two sequential-
decay chains.

In the t1 rest frame, thematrix element for t1 → W1
+b is

〈
θt
1, φ1, λW+ , λb| 12 , λ1

〉
= D

(1/2)∗
λ1,µ (φ1, θ

t
1, 0)A (λW+ , λb ) , (1)

where µ = λW+ − λb in terms of the W1
+ and b-quark

helicities. Throughout this paper an asterisk will denote
complex conjugation. The final W1

+ momentum is in the
θt
1, φ1 direction and the b-quark momentum is in the op-

posite direction. The variable λ1 gives the t1-quark’s spin
component quantized along the zt

1 axis in Fig. 3. Upon a
boost back to the (tt̄)CM, or on one further to the t̄2 rest
frame, λ1 also specifies the helicity of the t1-quark. For the
CP -conjugate process, t̄2 → W2

−b̄, in the t̄2 rest frame

t1 rest frame
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W
1
+
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Fig. 3. Summary illustration showing the three angles θt
1, θt

2 and φ describing the first stage in the sequential decays of the
tt̄ system in which t1 → W1

+b and t̄2 → W2
−b̄. In a the b momentum, not shown, is back to back with the W1

+. In b the b̄
momentum, not shown, is back to back with the W2

−. From a a boost along the negative z1t axis transforms the kinematics
from the t1 rest frame to the (tt̄)CM frame and, if boosted further, to the t̄2 rest frame shown in b. In this figure, φ1 of Fig. 4
is shown equal to zero for simplicity of illustration
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the matrix element is〈
θt
2, φ2, λW − , λb̄|

1
2
, λ2

〉
= D

(1/2)∗
λ2,µ̄ (φ2, θ

t
2, 0)B (λW − , λb̄) , (2)

with µ̄ = λW − − λb̄. By an analogous argument, λ2 is the
t̄2 helicity.

In terms of the t → W+b helicity amplitudes, the
polarized-partial widths and W -boson–LT-interference
widths are

Γ (0, 0) ≡ |A(0,−1/2)|2 ,
Γ (−1,−1) ≡ |A(−1,−1/2)|2 , (3)

ΓR(0,−1) = ΓR(−1, 0)

≡ Re[A(0,−1/2)A(−1,−1/2)∗] (4)

≡ |A(0,−1/2)||A(−1,−1/2)| cosβL,

ΓI(0,−1) = −ΓI(−1, 0)

≡ Im[A(0,−1/2)A(−1,−1/2)∗] (5)

≡ −|A(0,−1/2)||A(−1,−1/2)| sinβL,

where the R, I subscripts denote the real and imaginary
parts which define the W -boson–LT interference. The L
superscript on the ΓL(λW , λ

′
W )’s has been conveniently

suppressed in (3)–(5) for this is the dominant λb helicity
channel. By convention, the dominant L superscript [R
superscript] on ΓL(λW , λ

′
W ) [Γ

R
(λW , λ

′
W )] will be sup-

pressed in this paper. Note the two important minus-signs
in (5). Here, following the conventions in [5,15,16,18], we
define the moduli and phases as

A(λW , λb) ≡ |A(λW , λb)| exp(i ϕλW ,λb
), (6)

with

βL ≡ ϕ−1,− 1
2

− ϕ0,− 1
2
, βR ≡ ϕ1, 1

2
− ϕ0, 1

2
. (7)

In terms of the t → W−b helicity amplitudes,

Γ (0, 0) ≡ |B(0, 1/2)|2 ,
Γ (1, 1) ≡ |B(1, 1/2)|2 , (8)

ΓR(0, 1) = ΓR(1, 0) ≡ Re[B(0, 1/2)B(1, 1/2)∗]

≡ |B(0, 1/2)||B(1, 1/2)| cosβR, (9)

Γ I(0, 1) = −Γ I(1, 0) ≡ Im[B(0, 1/2)B(1, 1/2)∗]

≡ −|B(0, 1/2)||B(1, 1/2)| sinβR, (10)

with the moduli and phases defined by

B(λW , λb) ≡ |B(λW , λb)| exp(i ϕλW ,λb
), (11)

with βR ≡ ϕ1, 1
2

− ϕ0, 1
2

and βL ≡ ϕ−1,− 1
2

− ϕ0,− 1
2
.

In this paper, we consider the production-decay se-
quence

qq, or eē → tt → (W+b)(W−b) → . . . (12)

At the Tevatron, this is the dominant contribution to tt̄
production. The contribution from

gg → tt → (W+b)(W−b) → . . .

can be treated analogously. The latter is the dominant con-
tribution at the LHC. The corresponding BR-S2SC func-
tions for it will be reported separately [19].

We assume that the λb = −1/2 and λb = 1/2 ampli-
tudes dominate respectively in t1 and t̄2 decay. In the SM
and in the case of an additional large tR → bL moment4,
the λb = −1/2 and λb = 1/2 amplitudes are more than
∼ 30 times larger than the λb = 1/2 and λb = −1/2 am-
plitudes. The simple three-angle distribution F|0 + F|sig
for t1 → W+

1 b → (l+ν)b involves the angles {θt
2, θa, φa}

shown in Figs. 1–3. We have

F|0 =
16π3g4

9s2

(
1 +

2m2
t

s

)
×
{

1
2
Γ (0, 0) sin2 θa + Γ (−1,−1) sin4 θa

2

}
× [

Γ (0, 0) + Γ (1, 1)
]
, (13)

F|sig = − 4
√

2π4g4

9s2

(
1 +

2m2
t

s

)
× cos θt

2 sin θa sin2 θa

2
[
Γ (0, 0) + Γ (1, 1)

]
(14)

4 In the standard model, for the t → W+b decay mode,
the relative phase is 0◦ between the dominant A(0,−1/2)
and A(−1,−1/2) helicity amplitudes. However, as a conse-
quence of Lorentz invariance, there are four identical inten-
sity ratios, ΓL,T |λb=∓ 1

2
/Γ (t → W+b) , for the standard model

V − A coupling and for the case of an additional chiral–
tensorial coupling of relative strength Λ+ = EW /2 ∼ 53 GeV
in gL = gfM +fE = 1 units;

1
2
Γµ = gLγ

µPL +
gfM +fE

2Λ+
iσµν(kt − pb)νPR

= PR (γµ + iσµνvν) ,

where vν = qW
ν/EW , PL,R = 1

2 (1 ∓ γ5). In the case of such
an additional large tR → bL chiral weak-transition moment,
there is instead a 180◦ relative phase between the A(0,−1/2)
and A(−1,−1/2) helicity amplitudes. While the associated on-
shell partial-decay-width Γ (t → W+b) does differ for these two
Lorentz-invariant couplings [ΓSM = 1.55 GeV, Γ+ = 0.66 GeV],
unlike for top–antitop production at a linear collider, measure-
ments of hadronic single-top production will not directly dis-
tinguish between these two on-shell t → W+b decay couplings
because both the s-channel and t-channel are off-shell single-top
production processes. In contrast with applications in light-
quark and leptonic reactions, large and uncertain dispersion-
theoretic extrapolations will be required in any model indepen-
dent attempt to relate measurements for hadronic single-top
production and t → W+b decay [14].
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× {ΓR(0,−1) cosφa − ΓI(0,−1) sinφa}KR,
where K, R are defined below.

The analogous three-angle S2SC function F|0 + F|sig
for the CP -conjugate channel t2 → W−

2 b → (l−ν̄)b is a
distribution versus {θt

1, θb, φb}:

F|0 =
16π3g4

9s2

(
1 +

2m2
t

s

)
×
{

1
2
Γ (0, 0) sin2 θb + Γ (1, 1) sin4 θb

2

}
×[Γ (0, 0) + Γ (−1,−1)], (15)

F|sig = − 4
√

2π4g4

9s2

(
1 +

2m2
t

s

)
× cos θt

1 sin θb sin2 θb

2
[Γ (0, 0) + Γ (−1,−1)]

×{
ΓR(0, 1) cosφb + Γ I(0, 1) sinφb

}
KR. (16)

Note the important relative plus sign between Γ I(0, 1) and
ΓR(0, 1) in (16), in contrast to the relative minus-sign for
ΓI(0, 1) and ΓR(0, 1) in (14).

1.1 Structure of three-angle S2SC functions

The “signal” contributions are suppressed by the factor

K ≡
(
1 − 2m2

t

s

)
(
1 + 2m2

t

s

) (17)

associated with the g → tt̄ production process, and a factor

R ≡
[
Γ (0, 0) − Γ (1, 1)

][
Γ (0, 0) + Γ (1, 1)

] ,
or

R ≡ [Γ (0, 0) − Γ (−1,−1)]
[Γ (0, 0) + Γ (−1,−1)]

(18)

associated with the stage-one part of the sequential-decay
chains, t̄ → W−b̄, t → W+b. Numerically, R ∼ 0.41 in both
the standard model and in the case of an additional large
tR → bL chiral weak-transition moment (see footnote 4).
The appearance of the R = (probWL)− (probWT ) factor
is not surprising [4,17] because this is a consequence of the
dynamical assumption that the λb = −1/2 and λb = 1/2
amplitudes dominate. In the standard model

R =
(

1 − 2m2
W

mt
2

)/(
1 +

2m2
W

mt
2

)
whether there is or is not a large tR → bL moment. For-
tunately mt �= √

2mW = 113 GeV, otherwise many W -
boson polarimetry effects would be absent in top-quark
spin-correlation functions. An important exception is the

θa dependence of F|0 [see (13)]. Both of the R and K sup-
pression factors are absent in purely stage-two W -boson
polarimetry, with or without spin-correlation.

From the θ2t dependence of the integrated diagonal el-
ements of the sequential-decay density matrices for t̄2 →
W2

−b̄ → (l−ν̄)b̄, it follows that R’s numerator appears
in F|sig multiplied by cos θt

2 and that R’s denominator
appears in F|0 multiplied by one [see (95) and (96)]. Be-
cause the t-quark has spin 1

2 , there are purely half-angle

d
1
2
mm′(θ2t)-squared intensity-product factors in (95)–(97).

The off-diagonal Rλ2λ
′
2

elements which describe t̄2-helicity
interference do not contribute due to the integration over
the opening angle φ between the t1 and t̄2 decay planes. The
angles θ1,2 are respectively equivalent to the W1,2

±-boson
energies in the (tt̄)CM (see Appendix A). In this 3-variable
spin-correlation function, the minus sign in the numerator
of the K suppression factor in F|sig is a consequence of
the minus sign in the sequential-decay density matrix RbL

++

of (26) in the helicity-flip contribution (92) for the R++

term, versus the corresponding plus sign in RbL−− of (27)
in the helicity-conserving contribution (72) for the R++

term; and analogously for the R−− terms in (92) and (72).

1.2 Summary

From the top-quark spin-correlation function (13) and (14),
the two tests for t1 → W1

+b decay are as follows.
(i) By measurement of ΓR(0,−1), the relative sign of the
two dominant λb = −1/2 helicity amplitudes can be de-
termined if their relative phase is 00 or 1800. Versus the
partial-decay width Γ (t → W+b), W -boson longitudinal–
transverse interference is a large effect for in the stan-
dard model ηL ≡ ΓR(0,−1)

Γ = ±0.46 without/with a large
tR → bL chiral weak-transition moment. In both models,
the probabilities for longitudinal/transverseW -bosons are
large, P (WL) = Γ (0,0)

Γ = 0.70 and P (WT ) = Γ (−1,−1)
Γ =

0.30, and so for a trivial relative-phase difference of 00 or
1800, W -boson longitudinal–transverse interference must
be a large effect.
(ii) By measurement of both ΓR(0,−1) and ΓI(0,−1) via
the φa dependence, a possible non-trivial phase can be in-
vestigated. Tests for non-trivial phases in top-quark decays
are important in searching for possible T̃FS violation.

From (15) and (16), there are the analogous two tests
for t̄2 → W2

−b̄ decay. In the standard model ΓR(0, 1) =
ΓR(0,−1), and both Γ I(0, 1) and ΓI(0,−1) vanish whether
there is or is not a purely-real tR → bL transition moment.

Section 2 of this paper contains the derivation of general
BR-S2SC functions. For tt̄ production by qq̄, or eē → tt̄,
neitherCP invariance nor T̃FS invariance is assumed for the
T (λ1, λ2) helicity amplitudes in Sect. 2.2. For informative
details, see [20]. By CP invariance, T (++) = T (−−) but
T (+−) and T (−+) are unrelated. If experiment were to
show that one of the primed production-helicity parameters
(76), (82)– (85) and (94) is non-zero, then T̃FS invariance
is violated in the g → tt̄ process.
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In Sect. 3, these results are applied to the lepton plus
jets channel of the tt̄ system, assuming that the λb =
−1/2 and λb̄ = 1/2 amplitudes dominate. Simple four-
angle spin-correlation functions are obtained, which do not
involve beam referencing. These and other additional-angle
generalizations might be useful empirically, for instance
as checks with respect to the above four tests. Section 4
contains a discussion. The appendices respectively treat
(A) kinematic formulas,
(B) translation between this paper’s Γ (λW , λW

′
) notation

and the helicity parameter’s notation of [5, 15,16,18],
(C) kinematic formulas for beam referencing versus Figs. 1
and 2, and
(D) formulas for eē → tt̄ production.

2 Derivation of beam-referenced stage-two
spin-correlation functions

In order to reference stage-two spin-correlation functions
(S2SC) to the incident lepton or parton beam [4], we gen-
eralize the derivation of S2SC functions given in [5]. When
more data are available for top quark decays, it should be a
reasonable further step to consider using the results of [18]
to incorporate Λb polarimetry. Λb polarimetry could be
used to make a complete measurement of the four moduli
and the three relative phases of the helicity amplitudes in
t → W+b and analogously in t̄ → W−b̄. In this context,
next-to-leading order QCD, electroweak, andW -boson and
t-quark finite-width corrections require further theoretical
investigation [7–9]. If the magnitudes of the two λb = 1/2
helicity amplitudes are as predicted by the standard model,
i.e. at factors of more than ∼ 1

30 smaller than the two domi-
nant λb = −1/2 amplitudes, both detector and background
effects will be non-trivial at this level of sensitivity at a
hadron collider. Nevertheless, empirical consideration will
be warranted if by then, there is compelling evidence for
unusual top-quark physics.

In the BR-S2SC functions, we consider the decay se-
quence t1 → W1

+b followed by W1
+ → l+ν, and the CP -

conjugate decay sequence t̄2 → W2
−b̄ followed by W2

− →
l−ν̄. In Figs. 3 and 4, the spherical angles θt

1 and φ1 de-
scribe theW1

+ momentum in the “first stage” t1 → W1
+b.

Similarly, in Fig. 5 spherical angles θa and φ̃a describe the
l+ momentum in the “second stage” W1

+ → l+ν when
there is first a boost from the (tt̄)CM frame to the t1 rest
frame, and then a second boost from the t1 rest frame to
the W1

+ rest frame. If instead the boost to the W1
+ rest

frame is directly from the (tt̄)CM frame, one must account
for Wigner rotations. Formulas and details about these
Wigner rotations are given in [5]. Analogously, two pairs
of spherical angles θ2t, φ2 and θb, φ̃b specify the two stages
in the CP -conjugate sequential decay t̄ → W−b̄ followed
by W− → l−ν̄ when the boost is from the t̄2 rest frame.

Note that the charged leptons’ azimuthal angle φ̃a in
the W1

+ rest frame in Fig. 5, and analogously φ̃b in the
W2

− rest frame, are referenced respectively by the t̄2 and t1
momentum directions. Instead of using the anti-top and top
quark momenta for this purpose, one can reference these

φ = φ1 + φ2

t1 rest frame

θ1
t

W
1
+

φ2
t2

φ1

W
2

Fig. 4. The usual helicity angles θ1t and φ1 specify the W1
+

momentum, in the t1 rest frame, with t̄2 moving in the negative z
direction. The polar angle θ2t for theW2

− is defined analogously
in the t̄2 rest frame; c.f. Fig. 3. The azimuthal angles φ1 and φ2

are Lorentz invariant under boosts along the z1t axis. The sum
φ = φ1 + φ2 is the angle between the t1 and t̄2 decay planes

two azimuthal angles in terms of the opposite W∓-boson
momentum as in the formulas given in the introduction.
These azimuthal angles are then denoted without “tilde
accents”: φa in the W1

+ rest frame when the boost is from
the t1 rest frame, and φb in the W2

− rest frame when the
boost is from the t̄2 rest frame.

W1
+ rest frame

W1
+

φa

t1 rest frame

x1
t

xa

θ1
t

z1
t

za

θa

��+

~

t2

Fig. 5.The two pairs of spherical angles θ1t, φ1 and θa,φ̃a specify
the two stages in the sequential decay t → W+b → (l+ν)b when
the boost to the W1

+ rest frame is from the t1 rest frame. In
the W1

+ rest frame, to reference the 0◦ direction for φ̃a the
axis xa lies in the t̄2 half-plane. In this figure, φ1 of Fig. 4 is
shown equal to zero for simplicity of illustration. Similarly, two
pairs of spherical angles θ2t, φ2 and θb,φ̃b specify the two stages
in the CP -conjugate sequential decay t̄ → W−b̄ followed by
W− → l−ν̄ when the boost is from the t̄2 rest frame
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As discussed in the caption to Fig. 3, the momenta
for t1, W1

+, and t̄2 lie in the same plane whether the
analysis is in the t1 rest frame, in the t̄2 rest frame, or in
the tt̄ center-of-momentum frame. Therefore, in deriving
BR-S2SC functions in the helicity formalism, the angle φ̃a

in the W1
+ rest frame is theoretically clear and simple.

In general in the (tt̄)CM frame, the momenta for t1, W1
+

and W2
− do not lie in the same plane. However, from the

empirical point of view, the W2
− momentum direction in

the W1
+ rest frame will often be more precisely known,

and so these two azimuthal angles without “tilde accents”
will be more useful. From the standpoint of the helicity
formalism, in the final S2SC functions either φa or φ̃a

can be used because it is only a matter of referencing the
zero direction for the azimuthal angle, i.e. it is an issue
concerning the specification of the Euler angles in the D
function for W+ → l+ν decay.

To simplify the notation, unlike in [5,18], in this paper
we do not use “tilde accents” on the polar angles θa and
θb. We also do not use “t” superscripts on φ1,2 for they are
Lorentz invariant for each of the three frames considered
in Fig. 3. On the other hand, “t” superscripts on θ1,2

t for
the t1 and t̄2 rest frames, are necessary to distinguish these
angles from θ1,2 which are defined in the (tt̄)CM.

In the W1
+ rest frame, the matrix element for W1

+ →
l+ν [or for W1

+ → jd̄ju] is

〈θa, φ̃a, λl+ , λν |1, λW+〉 = D1∗
λW+ ,1

(
φ̃a, θa, 0

)
c, (19)

since λν = − 1
2 , λl+ = 1

2 , neglecting
(

ml

mW

)
corrections

[neglecting
(

mjet

mW

)
corrections]. Since the amplitude “c”

in this matrix element is independent of the helicities, we
will suppress it in the following formulas since it only affects
the overall normalization. We will use below

ρλ1λ
′
1;λW λ

′
W

(t → W+b)

=
∑

λb=∓1/2

D
(1/2)∗
λ1,µ (φ1, θ

t
1, 0)D(1/2)

λ
′
1,µ′ (φ1, θ

t
1, 0)

×A(λW , λb)A∗(λ
′
W , λb), (20)

where µ = λW+ − λb and µ
′
= λW+ − λ

′
b,

ρλW λ
′
W

(W+ → l+ν) = D1∗
λW ,1

(
φ̃a, θa, 0

)
×D1

λ
′
W ,1

(
φ̃a, θa, 0

)
. (21)

In theW2
− rest frame, analogous to (19) the matrix element

for W2
− → l−ν̄ [W2

− → jūjd] is

〈θb, φ̃b, λl− , λν̄ |1, λW −〉 = D1∗
λW − ,−1

(
φ̃b, θb, 0

)
c̄, (22)

and we suppress the “c̄” factor in the following.

2.1 Sequential-decay density matrices

The composite decay-density matrix for t1 → W1
+b →

(l+ν)b is

Rλ1λ
′
1

=
∑

λW ,λ
′
W

ρλ1λ
′
1;λW λ

′
W

(t → W+b)

× ρλW λ
′
W

(W+ → l+ν), (23)

where λW , λ
′
W = 0,±1 and the ρ density matrices are given

in (20) and (21).
The above composite decay-density matrix (23) can be

expressed as

R =RbL + RbR . (24)

The λb = −1/2 elements are

RbL =
(

RbL++ eiφ1rbL+−
e−iφ1rbL−+ RbL−−

)
, (25)

where

RbL
++

=
1
2
Γ (0, 0) cos2

θt
1

2
sin2 θa + Γ (−1,−1) sin2 θ

t
1

2
sin4 θa

2

− 1√
2

[ΓR(0,−1) cos ϕ̃a − ΓI(0,−1) sin ϕ̃a]

× sin θt
1 sin θa sin2 θa

2
, (26)

RbL−−

=
1
2
Γ (0, 0) sin2 θ

t
1

2
sin2 θa + Γ (−1,−1) cos2

θt
1

2
sin4 θa

2

+
1√
2

[ΓR(0,−1) cos ϕ̃a − ΓI(0,−1) sin ϕ̃a]

× sin θt
1 sin θa sin2 θa

2
, (27)

Re(rbL
+−)

=
1
4
Γ (0, 0) sin θt

1 sin2 θa − 1
2
Γ (−1,−1) sin θt

1 sin4 θa

2

+
1√
2

[ΓR(0,−1) cos ϕ̃a − ΓI(0,−1) sin ϕ̃a]

× cos θt
1 sin θa sin2 θa

2
, (28)

Im(rbL
+−)

=
1√
2

[ΓR(0,−1) sin ϕ̃a + ΓI(0,−1) cos ϕ̃a]

× sin θa sin2 θa

2
, (29)

and rbL
+− = (rbL−+)∗.
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For the subdominant bR decay channel,

RbR =
(

RbR++ eiφ1rbR+−
e−iφ1rbR−+ RbR−−

)
, (30)

RbR
++

=
1
2
ΓR(0, 0) sin2 θ

t
1

2
sin2 θa + ΓR(1, 1) cos2

θt
1

2
cos4

θa

2

− 1√
2

[
ΓR

R (0, 1) cos ϕ̃a + ΓR
I (0, 1) sin ϕ̃a

]
× sin θt

1 sin θa cos2
θa

2
, (31)

RbR−−

=
1
2
ΓR(0, 0) cos2

θt
1

2
sin2 θa + ΓR(1, 1) sin2 θ

t
1

2
cos4

θa

2

+
1√
2

[
ΓR

R (0, 1) cos ϕ̃a + ΓR
I (0, 1) sin ϕ̃a

]
× sin θt

1 sin θa cos2
θa

2
, (32)

Re
(
rbR
+−

)
= − 1

4
ΓR(0, 0) sin θt

1 sin2 θa +
1
2
ΓR(1, 1) sin θt

1 cos4
θa

2

+
1√
2

[
ΓR

R (0, 1) cos ϕ̃a + ΓR
I (0, 1) sin ϕ̃a

]
× cos θt

1 sin θa cos2
θa

2
, (33)

Im
(
rbR
+−

)
=

1√
2

[
ΓR

R (0, 1) sin ϕ̃a − ΓR
I (0, 1) cos ϕ̃a

]
× sin θa cos2

θa

2
, (34)

and rbR
+− =

(
rbR−+

)∗
. The bR decay channel’s polarized-

partial widths and W -boson–LT-interference widths are

ΓR(0, 0) ≡ |A(0, 1/2)|2 , ΓR(1, 1) ≡ |A(1, 1/2)|2 ,
(35)

ΓR
R (0, 1) = ΓR

R (1, 0) ≡ Re[A(0, 1/2)A(1, 1/2)∗]

≡ |A(0, 1/2)||A(1, 1/2)| cosβR, (36)

ΓR
I (0, 1) = −ΓR

I (1, 0) ≡ Im[A(0, 1/2)A(1, 1/2)∗]

≡ −|A(0, 1/2)||A(1, 1/2)| sinβR. (37)

Note that the superscripts on these Γ (λW , λW
′)’s always

denote the b or b̄ helicity, whereas the subscripts denote
the real or imaginary part (e.g. alternatively for (36) use
ΓR

Re(0, 1)).

The analogous composite decay-density matrix for the
CP -conjugate process t̄ → W−b̄ → (l−ν̄)b̄ is

R = R
bL + R

bR (38)

with the dominant

R
bR =

(
R

bR
++ eiφ2rbR

+−
e−iφ2rbR−+ R

bR
−−

)
, (39)

R
bR

++ =
1
2
Γ (0, 0) sin2 θ

t
2

2
sin2 θb + Γ (1, 1) cos2

θt
2

2
sin4 θb

2

+
1√
2

[
ΓR(0, 1) cos ϕ̃b + Γ I(0, 1) sin ϕ̃b

]
× sin θt

2 sin θb sin2 θb

2
, (40)

R
bR

−−

=
1
2
Γ (0, 0) cos2

θt
2

2
sin2 θb + Γ (1, 1) sin2 θ

t
2

2
sin4 θb

2

− 1√
2

[
ΓR(0, 1) cos ϕ̃b + Γ I(0, 1) sin ϕ̃b

]
× sin θt

2 sin θb sin2 θb

2
, (41)

Re
(
rbR
+−

)
= − 1

4
Γ (0, 0) sin θt

2 sin2 θb +
1
2
Γ (1, 1) sin θt

2 sin4 θb

2

− 1√
2

[
ΓR(0, 1) cos ϕ̃b + Γ I(0, 1) sin ϕ̃b

]
× cos θt

2 sin θb sin2 θb

2
, (42)

Im
(
rbR
+−

)
= − 1√

2

[
ΓR(0, 1) sin ϕ̃b − Γ I(0, 1) cos ϕ̃b

]
× sin θb sin2 θb

2
, (43)

and rbR
+− =

(
rbR−+

)∗
.

For the subdominant b̄L decay channel,

R
bL =

(
R

bL
++ eiφ2rbL

+−
e−iφ2rbL−+ R

bL
−−

)
, (44)

R
bL

++

=
1
2
Γ

L
(0, 0) cos2

θt
2

2
sin2 θb + Γ

L
(−1,−1)

× sin2 θ
t
2

2
cos4

θb

2
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+
1√
2

[
Γ

L

R(0,−1) cos ϕ̃b − Γ
L

I (0,−1) sin ϕ̃b

]
× sin θt

2 sin θb cos2
θb

2
, (45)

R
bL

−−

=
1
2
Γ

L
(0, 0) sin2 θ

t
2

2
sin2 θb + Γ

L
(−1,−1)

× cos2
θt
2

2
cos4

θb

2

− 1√
2

[
Γ

L

R(0,−1) cos ϕ̃b − Γ
L

I (0,−1) sin ϕ̃b

]
× sin θt

2 sin θb cos2
θb

2
, (46)

Re
(
rbL
+−

)
=

1
4
Γ

L
(0, 0) sin θt

2 sin2 θb − 1
2
Γ

L
(−1,−1) sin θt

2 cos4
θb

2

− 1√
2

[
Γ

L

R(0,−1) cos ϕ̃b − Γ
L

I (0,−1) sin ϕ̃b

]
× cos θt

2 sin θb cos2
θb

2
, (47)

Im
(
rbL
+−

)
= − 1√

2

[
Γ

L

R(0,−1) sin ϕ̃b + Γ
L

I (0,−1) cos ϕ̃b

]
× sin θb cos2

θb

2
, (48)

and rbL
+− =

(
rbL−+

)∗
.

Γ
L
(0, 0) ≡ |B(0,−1/2)|2 ,

Γ
L
(−1,−1) ≡ |B(−1,−1/2)|2 , (49)

Γ
L

R(0,−1) = Γ
L

R(−1, 0)

≡ Re[B(0,−1/2)B(−1,−1/2)∗] (50)

≡ |B(0,−1/2)||B(−1,−1/2)| cosβL,

(51)

Γ
L

I (0,−1) = −ΓL

I (−1, 0)

≡ Im[B(0,−1/2)B(−1,−1/2)∗], (52)

≡ −|B(0,−1/2)||B(−1,−1/2)| sinβL.

(53)

Sometimes in the derivation, we will denote r+− =
Fa + iHa and analogously r+− = −Fb − iHb. As above, bL
and bR superscripts on r+− and on Fa and Ha denote the
λb = −1/2, 1/2 contributions, and analogously for r+−, Fb

and Hb.

tt cm frame

θq

ΦR

φ1

W
1
+

�h

ΦB

ΘB

θ1

t1

beam

�h

�h

Fig. 6. The derivation of the general “beam referenced stage-
two-spin-correlation” function begins in the “home” or starting
coordinate system (xh, yh, zh) in the (tt̄)CM frame. t1 is mov-
ing in the positive zh direction, and θ1, φ1 specify the W1

+

momentum direction. The beam direction is specified by the
spherical angles ΘB , ΦB . Note that ΦR = ΦB − φ1

2.2 Start of derivation of BR-S2SC functions

The general beam-referenced angular distribution in the
(tt̄)CM is

I
(
ΘB , ΦB ; θt

1, φ1; θa, φ̃a; θt
2, φ2; θb, φ̃b

)
=

∑
λ1λ2λ

′
1λ

′
2

ρprod
λ1λ2;λ

′
1λ

′
2
(ΘB , ΦB) (54)

×Rλ1λ
′
1
(t → W+b → . . .)Rλ2λ

′
2
(t̄ → W−b̄ → . . .),

where the summations are over the t1 and t̄2 helicities. The
composite decay-density matrices Rλ1λ

′
1

for t → W+b →
. . . and Rλ2λ

′
2

for t̄ → W−b̄ → . . . are given in the pre-
ceding subsection. This formula holds for any of the above
tt̄ production channels and for either the lepton plus jets,
the dilepton plus jets, or the all-jets tt̄ decay channels. The
derivation begins in the “home” or starting coordinate sys-
tem (xh, yh, zh) in the (tt̄)CM frame. As shown in Figs. 6
and 7, the angles ΘB , ΦB specify the direction of the inci-
dent beam, the e momentum, or in the case of pp̄ → tt̄X,
the q momentum arising from the incident p in the pp̄. The
t1 momentum is chosen to lie along the positive zh axis.
The positive xh direction is an arbitrary, fixed perpendic-
ular direction. Because the incident beam is assumed to be
unpolarized, there is no dependence on the associated φ1
angle after the observable azimuthal angles are specified
(see below). With respect to the normalization of the vari-
ous BR-S2SC functions, the φ1 integration is not explicitly
performed in this paper. With (54) there is an associated
differential counting rate

dN = I(ΘB , ΦB ; . . .)d(cosΘB)dΦBd(cos θt
1)dφ1
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tt cm frame

W
2

�h

θ2

φ2
t2

�h

�h

Fig. 7. Supplement to the previous figure to show θ2, φ2 which
specify the W2

− momentum direction

× d(cos θa)dφ̃ad(cos θt
2)dφ2d(cos θb)dφ̃b, (55)

where, for full phase space, the cosine of each polar angle
ranges from −1 to 1, and each azimuthal angle ranges over
2π.

For tt̄ production by qq, or eē → tt by initial unpolar-
ized particles, the associated production density matrix is
derived as in [4, 5]. It is

ρprod
λ1λ2;λ

′
1λ

′
2

=
(

1
s2

)
ei(λ′−λ)ΦBT (λ1, λ2)T ∗

(
λ

′
1, λ

′
2

)
× 1

4

∑
s1,s2

∣∣∣T̃ (s1, s2)
∣∣∣2 d1

λs(ΘB)d1
λ′ s(ΘB),

(56)

whereλ = λ1−λ2,λ
′
= λ

′
1−λ

′
2, and s = s1−s2. In the body

of this paper we concentrate on results for hadron colliders;
formulas for the case of eē or µµ̄ production are given in
Appendix D. It is convenient to separate the contributions
into three parts, depending on the roles of the “helicity-
conserving” and “helicity-flip” T (λ1, λ2) amplitudes for
g → t1t̄2 production. Relative to the helicity-conserving
amplitudes, the helicity-flip amplitudes are (

√
2mt/

√
s).

We denote by a tilde accent the corresponding helicity-
conserving light-quark qq̄ → g annihilation amplitudes.
The values λ1,2 = ±1/2 of the arguments of T (λ1, λ2) are
denoted by the signs of λ1, λ2, and likewise for T̃ (s1, s2).

2.2.1 Helicity-conserving contribution

The t1t̄2 helicity-conserving contribution production den-
sity matrix is

ρprod
λ1λ2;λ

′
1λ

′
2

→ δλ2,−λ1δλ′
2,−λ

′
1

(
1
s2

)
ei2

(
λ

′
1−λ1

)
ΦB

× T (λ1,−λ1)T ∗
(
λ

′
1,−λ

′
1

)
× 1

4

[∣∣∣T̃ (+−)
∣∣∣2 d1

λ1(ΘB)d1
λ′1(ΘB)

+
∣∣∣T̃ (−+)

∣∣∣2 d1
λ,−1(ΘB)d1

λ′ ,−1(ΘB)
]
, (57)

where λ = 2λ1 and λ
′
= 2λ

′
1. The angular distribution of

(57) has four different terms which can be labelled as Iλ,λ′

due to the Kronecker δ’s. Explicitly, these are

I++ =
1

4s2
|T (+−)|2 R++R−− (58)

×
[∣∣∣T̃ (+−)

∣∣∣2 cos4(ΘB/2) +
∣∣∣T̃ (−+)

∣∣∣2 sin4(ΘB/2)
]
,

I−− =
1

4s2
|T (−+)|2 R−−R++ (59)

×
[∣∣∣T̃ (+−)

∣∣∣2 sin4(ΘB/2) +
∣∣∣T̃ (−+)

∣∣∣2 cos4(ΘB/2)
]
,

I+− =
1

4s2
T (+−)T ∗(−+)e−i(2ΦR+φ)r+−r−+ (60)

×
[∣∣∣T̃ (+−)

∣∣∣2 +
∣∣∣T̃ (−+)

∣∣∣2] cos2(ΘB/2) sin2(ΘB/2),

I−+ =
1

4s2
T (−+)T ∗(+−)ei(2ΦR+φ)r−+r+− (61)

×
[∣∣∣T̃ (+−)

∣∣∣2 +
∣∣∣T̃ (−+)

∣∣∣2] cos2(ΘB/2) sin2(ΘB/2),

where the starting angles φ2 and ΦB have been replaced
by the angles φ = φ1 + φ2 and ΦR = ΦB − φ1; see Figs. 6
and 7.

Two rotations are needed to recast the above expres-
sions in terms of the angles of the final (tt)CM coordinate
system shown in Figs. 1 and 2.
Step 1. We rotate by θ1 so that the new z axis z is along
the W+

1 momentum, as shown in Figs. 8 and 9.
This replaces theΘB , ΦB referencing of the beam direc-

tion by the final polar angle θq and an associated azimuthal
ΦW variable. Since this is simply a coordinate rotation,

d(cos θq)dΦW = d(cosΘB)dΦR. (62)

The Jacobian is 1, and cos θq and ΦW have the usual range
for spherical coordinates. The formulas for making this
change of variables are

cos θq = cos θ1 cosΘB + sin θ1 sinΘB cosΦR, (63)

sin θq cosΦW = − sin θ1 cosΘB

+ cos θ1 sinΘB cosΦR, (64)

sin θq sinΦW = sinΘB sinΦR, (65)

and

cosΘB = cos θ1 cos θq − sin θ1 sin θq cosΦW . (66)
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W
1
+

θq

t1 beam

�

�

ΦW

� �̂

^

θ1

Fig. 8. In the derivation, the “barred” coordinate system
(x̄, ȳ, z̄) in the (tt̄)CM frame has W1

+ along the positive z̄
axis with the t1 in the negative x̄ half-plane. A rotation by
θ1 has transformed the description from the previous “home
system” to the one in this “barred” coordinate system

In Fig. 9, the W−
2 momentum is at angles Θ2 and Φ2.

Since Θ2 = π−ψ, Θ2 can be replaced by the opening angle
ψ between the W+

1 and W−
2 momenta. The opening angle

ψ is simply related to the important angle φ = φ1 + φ2
between the t1 and t2 decay planes:

cosψ = − cosΘ2

= − cos θ1 cos θ2 + sin θ1 sin θ2 cosφ, (67)

sinψ = sinΘ2 = (1 − cos2Θ2)1/2. (68)

On the other hand, cosΦ2 and sinΦ2 are auxiliary variables
that appear in the formulas in Appendix C for transforming
the initial beam referencing spherical angles ΘB , ΦR of
Figs. 6 and 7 to the final ones, θq, φq of Figs. 1 and 2.
We have

sinψ cosΦ2 = sin θ1 cos θ2 + cos θ1 sin θ2 cosφ, (69)

sinψ sinΦ2 = sin θ2 sinφ. (70)

Step 2. We rotate by −Φ2 about z = ẑ so that the W−
2

momenta is in the positive x̂ plane, as shown in Figs. 1
and 2.

By this rotation,

φq = ΦW + Φ2, (71)

so the Jacobian is 1, and φq has the full 2π range.
By these two steps, the above four helicity-conserving

contributions are expressed in terms of Figs. 1 and 2:

I++ + I−−

=
1

16 s2
Sq

{
|T (+−)|2 R++R−− + |T (−+)|2 R−−R++

}
× (

1 + cos2ΘB

)

W
1
+

Φ2

t1

�

�

� �̂

^

Θ2

W
2

ψ

Fig. 9. Supplement to the previous figure, to show the speci-
fication of the W2

− by the spherical angles Θ2, Φ2. Note that
ψ +Θ2 = π. A further rotation by minus Φ2 about the z̄ axis
transforms this “barred system” description” into that in the
“final coordinate system” shown in Figs. 1 and 2

+
1

8 s2
Tq

{
|T (+−)|2 R++R−− − |T (−+)|2 R−−R++

}
× cosΘB , (72)

I+− + I−+

= − 1
8 s2

Sq

{
κ [FaFb +HaHb] + κ

′
[FaHb −HaFb]

}
× sin2ΘB cos(2ΦR + φ)

− 1
8 s2

Sq

{
κ

′
[FaFb +HaHb] − κ [FaHb −HaFb]

}
× sin2ΘB sin(2ΦR + φ), (73)

where

Sq =
∣∣∣T̃ (+−)

∣∣∣2 +
∣∣∣T̃ (−+)

∣∣∣2 , (74)

Tq =
∣∣∣T̃ (+−)

∣∣∣2 −
∣∣∣T̃ (−+)

∣∣∣2 , (75)

κ+ iκ
′
= T (+−)T ∗(−+). (76)

2.2.2 Mixed helicity-properties contribution

The mixed helicity-properties contribution of the t1t̄2 pro-
duction density matrix is in two parts: The first part is

ρprod
λ1λ2;λ

′
1λ

′
2

→ δλ2,λ1δλ′
2,−λ

′
1

(
1
s2

)
ei2λ

′
1ΦBT (λ1, λ1)T ∗

(
λ

′
1,−λ

′
1

)
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× 1
4

[∣∣∣T̃ (+−)
∣∣∣2 d1

0,1(ΘB)d1
λ′ ,1(ΘB)

+
∣∣∣T̃ (−+)

∣∣∣2 d1
0,−1(ΘB)d1

λ′ ,−1(ΘB)
]
, (77)

where λ
′
= 2λ

′
1.

As in the above subsection for the helicity-conserving
contribution, this mixed-helicity properties contribution
can be expressed as the sum of

ImA
++ = − 1

8
√

2 s2

(
η+ + iη

′+
)
R++(Fb + iHb)

×(Sq cosΘB + Tq) sinΘBei(ΦR+φ), (78)

ImA
−− =

1
8
√

2 s2

(
ω− + iω

′−
)
R−−(Fb − iHb)

×(Sq cosΘB − Tq) sinΘBe−i(ΦR+φ), (79)

ImA
+− = − 1

8
√

2 s2

(
ω+ + iω

′+
)

(Fa + iHa)R++

×(Sq cosΘB − Tq) sinΘBe−iΦR , (80)

ImA
−+ =

1
8
√

2 s2

(
η− + iη

′−
)

(Fa − iHa)R−−

×(Sq cosΘB + Tq) sinΘBeiΦR , (81)

where

ω+ + iω
′+ = T (++)T ∗(−+), (82)

ω− + iω
′− = T (−−)T ∗(−+), (83)

η+ + iη
′+ = T (++)T ∗(+−), (84)

η− + iη
′− = T (−−)T ∗(+−). (85)

The second part of the t1t̄2 mixed helicity-properties
part of the production density matrix is

ρprod
λ1λ2;λ

′
1λ

′
2

→ δλ2,−λ1δλ′
2,λ

′
1

(
1
s2

)
e−i2λ1ΦBT (λ1,−λ1)T ∗

(
λ

′
1, λ

′
1

)
× 1

4

[∣∣∣T̃ (+−)
∣∣∣2 d1

λ,1(ΘB)d1
0,1(ΘB)

+
∣∣∣T̃ (−+)

∣∣∣2 d1
λ,−1(ΘB)d1

0,−1(ΘB)
]
, (86)

where λ = 2λ1. This mixed-helicity properties contribution
can be expressed as the sum of

ImB
++ = − 1

8
√

2 s2

(
η+ − iη

′+
)
R++(Fb − iHb)

×(Sq cosΘB + Tq) sinΘBe−i(ΦR+φ), (87)

ImB
−− =

1
8
√

2 s2

(
ω− − iω

′−
)
R−−(Fb + iHb)

×(Sq cosΘB − Tq) sinΘBei(ΦR+φ), (88)

ImB
+− =

1
8
√

2 s2

(
η− − iη

′−
)

(Fa + iHa)R−−

×(Sq cosΘB + Tq) sinΘBe−iΦR , (89)

ImB
−+ = − 1

8
√

2 s2

(
ω+ − iω

′+
)

(Fa − iHa)R++

×(Sq cosΘB − Tq) sinΘBeiΦR . (90)

2.2.3 Helicity-flip contribution

The t1t̄2 helicity-flip production density matrix is

ρprod
λ1λ2;λ

′
1λ

′
2

→ δλ2,λ1δλ′
2,λ

′
1

(
1
s2

)
T (λ1, λ1)T ∗

(
λ

′
1, λ

′
1

)
× 1

4

[∣∣∣T̃ (+−)
∣∣∣2 d1

01(ΘB)d1
01(ΘB)

+
∣∣∣T̃ (−+)

∣∣∣2 d1
0,−1(ΘB)d1

0,−1(ΘB)
]
. (91)

This contribution can be expressed as the sum of

Im2
++ + Im2

−−

=
1

8 s2
Sq

{
|T (++)|2 R++R++ + |T (−−)|2 R−−R−−

}
× sin2ΘB (92)

and

Im2
+− + Im2

−+

=
1

4 s2
Sq

({
−ζ [FaFb −HaHb] + ζ

′
[FaHb +HaFb]

}
× cosφ

+
{
ζ

′
[FaFb −HaHb] + ζ [FaHb +HaFb]

}
sinφ

)
× sin2ΘB , (93)

where
ζ + iζ

′
= T (++)T ∗(−−). (94)

For qq → tt, in the Jacob–Wick phase convention, the
associated helicity amplitudes are T̃ (+,−) = T̃ (−,+) = g,
the helicity-conserving T (+−) = T (−+) = g, and the
helicity-flip T (++) = T (−−) = gmt

√
2/s.

3 Lepton plus jets channel:
λb = −1/2, λb̄ = +1/2 dominance

From the perspective of specific helicity-amplitude tests,
one can use the above results to investigate various BR-
S2SC functions for the lepton plus jets channel. In this
paper, we are interested in tests for the relative sign of, or
for measurement of a possible non-trivial phase between the
λb = −1/2 helicity amplitudes for t → W+b. We assume
that the λb = −1/2 and λb = 1/2 contributions dominate.
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3.1 t1 → W +
1 b → (l+ν)b

For the case t1 → W+
1 b → (l+ν)b, with W−

2 decaying into
hadronic jets, we separate the intensity contributions into
two parts: “signal terms” Ĩ|sig which depend on ΓR(0,−1)
and ΓI(0,−1), and “background terms” Ĩ|0 which depend
on Γ (0, 0) and Γ (−1,−1). We use a tilde accent on Ĩ|0, . . .
to denote the integration over the θb, φ̃b variables. This
integration gives∫ 1

−1
d(cos θb)

∫ 2π

0
dφ̃b R

bR

++

=
4π
3

[
Γ (0, 0) sin2 θ

t
2

2
+ Γ (1, 1) cos2

θt
2

2

]
, (95)∫ 1

−1
d(cos θb)

∫ 2π

0
dφ̃b R

bR

−−

=
4π
3

[
Γ (0, 0) cos2

θt
2

2
+ Γ (1, 1) sin2 θ

t
2

2

]
, (96)∫ 1

−1
d(cos θb)

∫ 2π

0
dφ̃b F

bR

b

=
2π
3

sin θt
2
[
Γ (0, 0) − Γ (1, 1)

]
. (97)

The integration over HbR

b vanishes.
We find for the helicity-conserving contribution(
Ĩ++ + Ĩ−−

)∣∣∣
0

(98)

=
πg4

12s2
(1 + cos2ΘB)

{
1
2
Γ (0, 0) sin2 θa

×
[
Γ (0, 0)(1 + cos θt

1 cos θt
2)

+Γ (1, 1)(1 − cos θt
1 cos θt

2)
]

+Γ (−1,−1) sin4 θa

2

×
[
Γ (0, 0)(1 − cos θt

1 cos θt
2)

+Γ (1, 1)(1 + cos θt
1 cos θt

2)
]}
,(

Ĩ++ + Ĩ−−
)∣∣∣

sig
(99)

=
πg4

6
√

2s2
(1 + cos2ΘB) sin θt

1 cos θt
2 sin θa sin2 θa

2

×
{

−ΓR(0,−1) cos φ̃a + ΓI(0,−1) sin φ̃a

}
× [

Γ (0, 0) − Γ (1, 1)
]
,(

Ĩ+− + Ĩ−+

)∣∣∣
0

= − πg4

12s2
sin2ΘB cos(2ΦR + φ) sin θt

1 sin θt
2 (100)

×
{

1
2
Γ (0, 0) sin2 θa − Γ (−1,−1) sin4 θa

2

}
× [

Γ (0, 0) − Γ (1, 1)
]
,(

Ĩ+− + Ĩ−+

)∣∣∣
sig

(101)

= − πg4

6
√

2s2
sin2ΘB sin θt

2 sin θa sin2 θa

2

× [
Γ (0, 0) − Γ (1, 1)

]
×
{

cos(2ΦR + φ) cos θt
1

×
{
ΓR(0,−1) cos φ̃a − ΓI(0,−1) sin φ̃a

}
+ sin(2ΦR + φ)

×
{
ΓR(0,−1) sin φ̃a + ΓI(0,−1) cos φ̃a

}}
.

For the mixed-helicity contribution, the terms with
primed coefficients [see (82)–(85)] all vanish. We collect
the other mixed-helicity contributions in real sums:

Ĩm(ω++η−)
∣∣∣
0

=
πg4mt

3s2
√
s

sinΘB cosΘB cosΦR sin θt
1 cos θt

2 (102)

×
{

1
2
Γ (0, 0) sin2 θa − Γ (−1,−1) sin4 θa

2

}
× [

Γ (0, 0) − Γ (1, 1)
]
,

Ĩm(ω++η−)
∣∣∣
sig

=
√

2πg4mt

3s2
√
s

sinΘB cosΘB cos θt
2 sin θa sin2 θa

2
(103)

×
{

cos θt
1

{
ΓR(0,−1) cos φ̃a − ΓI(0,−1) sin φ̃a

}
× cosΦR

+
{
ΓR(0,−1) sin φ̃a + ΓI(0,−1) cos φ̃a

}
sinΦR

}
× [

Γ (0, 0) − Γ (1, 1)
]
,

Ĩm(ω−+η+)
∣∣∣
0

= − πg4mt

3s2
√
s

sinΘB cosΘB cos(ΦR + φ)

× cos θt
1 sin θt

2 (104)

×
{

1
2
Γ (0, 0) sin2 θa − Γ (−1,−1) sin4 θa

2

}
× [

Γ (0, 0) − Γ (1, 1)
]
,

Ĩm(ω−+η+)
∣∣∣
sig
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=
√

2πg4mt

3s2
√
s

sinΘB cosΘB cos(ΦR + φ)

× sin θt
1 sin θt

2 sin θa sin2 θa

2
(105)

×
{
ΓR(0,−1) cos φ̃a − ΓI(0,−1) sin φ̃a

}
× [

Γ (0, 0) − Γ (1, 1)
]
.

The helicity-flip contributions are

(
Ĩm2
++ + Ĩm2

−−
)∣∣∣

0
=

πg4m2
t

3s3
sin2ΘB (106)

×
{

1
2
Γ (0, 0) sin2 θa

×
[
Γ (0, 0)(1 − cos θt

1 cos θt
2)

+ Γ (1, 1)(1 + cos θt
1 cos θt

2)
]

+ Γ (−1,−1) sin4 θa

2

×
[
Γ (0, 0)(1 + cos θt

1 cos θt
2)

+ Γ (1, 1)(1 − cos θt
1 cos θt

2)
]}
,(

Ĩm2
++ + Ĩm2

−−
)∣∣∣

sig

=
√

2πg4m2
t

3s3
sin2ΘB sin θt

1 cos θt
2 sin θa sin2 θa

2
(107)

×
{
ΓR(0,−1) cos φ̃a − ΓI(0,−1) sin φ̃a

}
× [

Γ (0, 0) − Γ (1, 1)
]
,(

Ĩm2
+− + Ĩm2

−+

)∣∣∣
0

=
πg4m2

t

3s3
sin2ΘB cosφ sin θt

1 sin θt
2

(108)

×
{

− 1
2
Γ (0, 0) sin2 θa + Γ (−1,−1) sin4 θa

2

}
× [

Γ (0, 0) − Γ (1, 1)
]
,(

Ĩm2
+− + Ĩm2

−+

)∣∣∣
sig

=
√

2πg4m2
t

3s3
sin2ΘB sin θt

2 sin θa sin2 θa

2

×
{

cosφ cos θt
1 (109)

×
{

−ΓR(0,−1) cos φ̃a + ΓI(0,−1) sin φ̃a

}
+ sinφ

{
ΓR(0,−1) sin φ̃a + ΓI(0,−1) cos φ̃a

}}
× [

Γ (0, 0) − Γ (1, 1)
]
.

3.2 t2 → W −
2 b → (l−ν̄)b

For the CP -conjugate process t2 → W−
2 b → (l−ν̄)b, with

W+
1 decaying into hadronic jets, we similarly separate the

contributions: “signal terms” Ĩ|sigdepending on ΓR(0, 1)

and Γ I(0, 1), and “background terms” Ĩ|0 depending on
Γ (0, 0) and Γ (1, 1). The integration over θa, φ̃a gives∫ 1

−1
d(cos θa)

∫ 2π

0
dφ̃aRbL

++ (110)

=
4π
3

[
Γ (0, 0) cos2

θt
1

2
+ Γ (−1,−1) sin2 θ

t
1

2

]
,

∫ 1

−1
d(cos θa)

∫ 2π

0
dφ̃a RbL−− (111)

=
4π
3

[
Γ (0, 0) sin2 θ

t
1

2
+ Γ (−1,−1) cos2

θt
1

2

]
,

∫ 1

−1
d(cos θa)

∫ 2π

0
dφ̃a F

bL
a

=
2π
3

sin θt
1[Γ (0, 0) − Γ (−1,−1)]. (112)

The integration over HbL
a vanishes.

We find for the helicity-conserving contribution,(
Ĩ++ + Ĩ−−

)∣∣∣
0

=
πg4

12s2
(1 + cos2ΘB) (113)

×
{

1
2
Γ (0, 0) sin2 θb

×[Γ (0, 0)(1 + cos θt
1 cos θt

2)

+Γ (−1,−1)(1 − cos θt
1 cos θt

2)]

+Γ (1, 1) sin4 θb

2

×[Γ (0, 0)(1 − cos θt
1 cos θt

2)

+Γ (−1,−1)(1 + cos θt
1 cos θt

2)]
}
,(

Ĩ++ + Ĩ−−
)∣∣∣

sig
(114)

= − πg4

6
√

2s2
(1 + cos2ΘB) cos θt

1 sin θt
2 sin θb sin2 θb

2

×
{
ΓR(0, 1) cos φ̃b + Γ I(0, 1) sin φ̃b

}
×[Γ (0, 0) − Γ (−1,−1)],(

Ĩ+− + Ĩ−+

)∣∣∣
0

= − πg4

12s2
sin2ΘB cos(2ΦR + φ) sin θt

1 sin θt
2 (115)

×
{

1
2
Γ (0, 0) sin2 θb − Γ (1, 1) sin4 θb

2

}
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×[Γ (0, 0) − Γ (−1,−1)],(
Ĩ+− + Ĩ−+

)∣∣∣
sig

= − πg4

6
√

2s2
sin2ΘB sin θt

1 sin θb sin2 θb

2

×[Γ (0, 0) − Γ (−1,−1)] (116)

×
{

cos(2ΦR + φ) cos θt
2

×
{
ΓR(0, 1) cos φ̃b + Γ I(0, 1) sin φ̃b

}
− sin(2ΦR + φ)

{
ΓR(0, 1) sin φ̃b − Γ I(0, 1) cos φ̃b

}}
.

The mixed-helicity contributions are

Ĩ
m(ω++η−)∣∣∣∣

0

=
πg4mt

3s2
√
s

sinΘB cosΘB cosΦR sin θt
1 cos θt

2 (117)

×
{

1
2
Γ (0, 0) sin2 θb − Γ (1, 1) sin4 θb

2

}
×[Γ (0, 0) − Γ (−1,−1)],

Ĩ
m(ω++η−)∣∣∣∣

sig

= −
√

2πg4mt

3s2
√
s

sinΘB cosΘB cosΦR

× sin θt
1 sin θt

2 sin θb sin2 θb

2
(118)

×
{
ΓR(0, 1) cos φ̃b + Γ I(0, 1) sin φ̃b

}
×[Γ (0, 0) − Γ (−1,−1)],

Ĩ
m(ω−+η+)∣∣∣∣

0
(119)

= − πg4mt

3s2
√
s

sinΘB cosΘB cos(ΦR + φ) cos θt
1 sin θt

2

×
{

1
2
Γ (0, 0) sin2 θb − Γ (1, 1) sin4 θb

2

}
×[Γ (0, 0) − Γ (−1,−1)],

Ĩ
m(ω−+η+)∣∣∣∣

sig

= −
√

2πg4mt

3s2
√
s

sinΘB cosΘB cos θt
1 sin θb sin2 θb

2
(120)

×
{

cos θt
2

{
ΓR(0, 1) cos φ̃b + Γ I(0, 1) sin φ̃b

}
× cos(ΦR + φ)

+
{

−ΓR(0, 1) sin φ̃b + Γ I(0, 1) cos φ̃b

}
sin(ΦR + φ)

}

×[Γ (0, 0) − Γ (−1,−1)].

The helicity-flip contributions are(
Ĩ

m2

++ + Ĩ
m2

−−

)∣∣∣∣
0

=
πg4m2

t

3s3
sin2ΘB (121)

×
{

1
2
Γ (0, 0) sin2 θb

×[Γ (0, 0)(1 − cos θt
1 cos θt

2)

+Γ (−1,−1)(1 + cos θt
1 cos θt

2)]

+Γ (1, 1) sin4 θb

2

×[Γ (0, 0)(1 + cos θt
1 cos θt

2)

+Γ (−1,−1)(1 − cos θt
1 cos θt

2)]
}
,(

Ĩ
m2

++ + Ĩ
m2

−−

)∣∣∣∣
sig

=
√

2πg4m2
t

3s3
sin2ΘB cos θt

1 sin θt
2 sin θb sin2 θb

2
(122)

×
{
ΓR(0, 1) cos φ̃b + Γ I(0, 1) sin φ̃b

}
×[Γ (0, 0) − Γ (−1,−1)],(
Ĩ

m2

+− + Ĩ
m2

−+

)∣∣∣∣
0

=
πg4m2

t

3s3
sin2ΘB cosφ sin θt

1 sin θt
2 (123){

− 1
2
Γ (0, 0) sin2 θb + Γ (1, 1) sin4 θb

2

}
×[Γ (0, 0) − Γ (−1,−1)],(
Ĩ

m2

+− + Ĩ
m2

−+

)∣∣∣∣
sig

= −
√

2πg4m2
t

3s3
sin2ΘB sin θt

1 sin θb sin2 θb

2
(124)

×
{

cosφ cos θt
2

{
ΓR(0, 1) cos φ̃b + Γ I(0, 1) sin φ̃b

}
− sinφ

{
ΓR(0, 1) sin φ̃b − Γ I(0, 1) cos φ̃b

}}
×[Γ (0, 0) − Γ (−1,−1)].

3.3 Γ (λW , λw

′
) tests versus angular dependence

In summary, with beam referencing, for the t1 → W+
1 b →

(l+ν)b case there are six “background terms” depending on
Γ (0, 0) and Γ (−1,−1), and also six “signal terms” depend-
ing on ΓR,I(0,−1). As a consequence of Lorentz invariance,
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there are associated kinematic factors with a simple angu-
lar dependence which can be used to isolate and measure
these four Γ ′s.
(i) θa polar-angle dependence:

The coefficients of Γ (0, 0)
/
Γ (−1,−1)

/
ΓR,I(0,−1)

vary relatively as the W decay d1
mm′(θa)-squared-inten-

sity ratios

1
2

sin2 θa

/[
sin4 θa

2

]/{
1√
2

sin θa sin2 θa

2

}
= 2(1 + cos θa) /[1 − cos θa]/{√

2(1 + cos θa)(1 − cos θa) =
√

2 sin θa

}
. (125)

(ii)φa azimuthal-angle dependence in the “signal terms” [or
the φ̃a dependence if t̄2 is used to specify the 0o direction]:

The coefficients of ΓR(0,−1)
/
ΓI(0,−1) vary as

cosφa

/
sinφa (126)

in each of the signal terms. However, in three terms there
are also ΓR,I(0,−1)’s with the opposite association of these
cosφa, sinφa factors. This opposite association occurs in
(Ĩ+− + Ĩ−+)|sig, Ĩm(ω++η−)|sig, and (Ĩm2

+− + Ĩm2
−+)|sig, along

with a differentΦR and φ dependence which might be useful
empirically in separation from the terms with the normal
φa association.

To reduce the number of angles, we integrate out the
two beam referencing angles, and also φ:

F̃i ≡
∫ 2π

0
dφ

∫ 1

−1
d(cosΘB)

∫ 2π

0
dΦRĨi. (127)

This yields four-angle S2SC functions.
In terms ofK defined in (17), the four-angle distribution

{θt
1, θ

t
2, θa, φa} is

F̃ |0 =
8π3g4

9s2

(
1 +

2m2
t

s

)
(128)

×
{

1
2
Γ (0, 0) sin2 θa

×
[
Γ (0, 0)(1 +K cos θt

1 cos θt
2)

+Γ (1, 1)(1 −K cos θt
1 cos θt

2)
]

+Γ (−1,−1) sin4 θa

2

×
[
Γ (0, 0)(1 −K cos θt

1 cos θt
2)

+Γ (1, 1)(1 +K cos θt
1 cos θt

2)
]}
,

F̃ |sig (129)

= − 8
√

2π3g4

9s2

(
1 +

2m2
t

s

)
cos θt

2K sin θt
1 sin θa sin2 θa

2

× {ΓR(0,−1) cosφa − ΓI(0,−1) sinφa}
× [

Γ (0, 0) − Γ (1, 1)
]
.

The terms in these expressions arise from the helicity-
conserving (Ĩ++ + Ĩ−−), and from the helicity-flip (Ĩm2

++ +
Ĩm2
−−). In each case there are contributions to both back-

ground and signal parts.
Without the integration overφ, there is a contribution to

both the background and signal parts from the helicity-flip
(Ĩm2

+− + Ĩm2
−+) of (108) and (109). This additional contribu-

tion has both the normal and opposite φa dependence as
discussed above in (ii). It will be fundamentally significant
to empirically demonstrate in both cosφ and sinφ the pres-
ence of this contribution to the spin correlation because
it arises completely from the combination of t1-quark L–
R interference and t̄2-antiquark L–R interference [see (93)
and (108–109)]. Without the φ dependence, in the above
four-angle function (128) and (129) there is no contribu-
tion from the off-diagonal elements of the λb = −1/2 and
λb = 1/2 sequential decay matrices (25) and (39).

For the CP -conjugate case in terms of {θt
2, θ

t
1, θb, φb},

the analogous four-angle distributions are

F̃ |0 =
8π3g4

9s2

(
1 +

2m2
t

s

)
×
{

1
2
Γ (0, 0) sin2 θb

×[Γ (0, 0)(1 +K cos θt
1 cos θt

2)

+Γ (−1,−1)(1 −K cos θt
1 cos θt

2)]

+Γ (1, 1) sin4 θb

2
×[Γ (0, 0)(1 −K cos θt

1 cos θt
2)

+Γ (−1,−1)(1 +K cos θt
1 cos θt

2)]
}
,

F̃ |sig (130)

= − 8
√

2π3g4

9s2

(
1 +

2m2
t

s

)
cos θt

1K sin θt
2 sin θb sin2 θb

2

×{
ΓR(0, 1) cosφb + Γ I(0, 1) sinφb

}
×[Γ (0, 0) − Γ (−1,−1)].

The still simpler three-angle distributions, which were
discussed in the introduction section, then follow if the
cos θt

1 integration is also performed Fi≡
∫ 1

−1 d(cos θt
1)F̃i:

F|0 =
16π3g4

9s2

(
1 +

2m2
t

s

)
×
{

1
2
Γ (0, 0) sin2 θa + Γ (−1,−1) sin4 θa

2

}
× [

Γ (0, 0) + Γ (1, 1)
]
, (131)

F|sig = − 8π4g4

9s2

(
1 − 2m2

t

s

)
cos θt

2
1√
2

sin θa sin2 θa

2
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× {ΓR(0,−1) cosφa − ΓI(0,−1) sinφa}
× [

Γ (0, 0) − Γ (1, 1)
]
. (132)

The analogous three-angle S2SC function for the CP -
conjugate t2 → W−

2 b → (l−ν)b is

F|0 =
16π3g4

9s2

(
1 +

2m2
t

s

)
×
{

1
2
Γ (0, 0) sin2 θb + Γ (1, 1) sin4 θb

2

}
×[Γ (0, 0) + Γ (−1,−1)], (133)

F|sig = − 8π4g4

9s2

(
1 − 2m2

t

s

)
cos θt

1
1√
2

sin θb sin2 θb

2

×{
ΓR(0, 1) cosφb + Γ I(0, 1) sinφb

}
×[Γ (0, 0) − Γ (−1,−1)]. (134)

4 Discussion

In the above derivation of general BR-S2SC functions, in
part for greater generality, we include beam referencing. At
hadron colliders, beam referencing may be useful in some
applications. In the case of eē production, it would probably
be useful in investigating possible anomalous initial-state-
with-final-state couplings in the t1t̄2 production process.
However, the simple three-angle formulas reported in the
introduction section do not make use of beam referenc-
ing. Given the conceptual simplicity of the helicity for-
mulation for qq, or eē → tt → (W+b)(W−b) → . . ., such
non-beam-referenced functions are ideal for tests of the
moduli and phases of the four t → W+b helicity ampli-
tudes. While usage of direct boosts from the (tt̄)CM frame
to the W+ or W− rest frames might be useful for some
purposes, from the perspective of this BR-S2SC helicity
formulation, such boosts will be an unnecessary compli-
cation. The boosts introduce additional Wigner rotations
which obscure the overall simplicity of the helicity formula-
tion which distinctly separates the different physics stages
of the tt̄ production and decay sequences.

In this paper we separate the λb = −1/2 contribu-
tions from the λb = 1/2 contributions. To display the
W -boson polarization and longitudinal–transverse inter-
ference effects, we introduce a transparent Γλb(λW , λ

′
W )

notation. Appendix B relates this notation to the helicity
parameters notation used in [5, 15, 16, 18]. At the present
time, the λb = −1/2 amplitudes do indeed appear to dom-
inate in the t → W+b decay mode and so the present
paper’s Γλb(λW , λ

′
W ) notation is very appropriate. At a

later date, in higher precision experiments where effects
from all four of the decay amplitudes must be carefully
considered, the helicity parameters notation might be use-
ful. It is more analogous to the notation of the Michel-
parameters which continue to be used in muon decay data
analysis. On the other hand, in the context of a character-
ization of fundamental “particle properties”, the present

Γλb(λW , λ
′
W ) notation is a simple way to precisely specify

polarized-partial width measurements, includingW -boson
longitudinal–transverse interference. Since the t → W+b
decay channel will first be investigated at hadron collid-
ers, such measurements will be of channel polarized-partial
width branching ratios

Bλb(λW , λ
′
W ) = Γλb(λW , λ

′
W )/Γ (t → W+b), (135)

where Γ (t → W+b) is the partial width for t → W+b.
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Appendix A: kinematic formulas

In the (tt)CM frame, the angles θ1,2 of the W+
1 , W−

2 and
their respective energies E1,2 are related by

2P̃ pW cos θ1,2 = 2P̃0E1,2 −m2
t −m2

W , (A.1)

where t-energy and magnitude of t-momentum are P̃0 =
√
s/2, P̃ =

√
P̃ 2

0 −m2
t , and p2

W = E2
1,2 − m2

W . In the t1
rest frame, t2 rest frame, respectively

θt
1,2 = arccos

[
−√

s(m2
t +m2

W ) + 4E1,2m
2
t

(m2
t −m2

W )
√
s− 4m2

t

]
,

0 ≤ θt
1,2 ≤ π, (A.2)

which give the kinematic limits

Emax , min
1,2 =

√
s(m2

t +m2
W )

4m2
t

±
√
s(m2

t −m2
W )

4m2
t

×
[
1 − 4m2

t

s

]1/2

. (A.3)

The angles θ1,2 are determined uniquely from cos θ1,2 and
sin θ1,2 of

p1,2 cos θ1,2 = γ(pt
1,2 cos θt

1,2 + βEt
1,2), (A.4)

p1,2 sin θ1,2 = pt
1,2 sin θt

1,2, (A.5)

where pt
1,2 = (m2

t −m2
W )/2mt,Et

1,2 =
√

(pt
1,2)2 +m2

W , and

γ =
√
s/(2mt), β are for the relativistic boosts between

the (tt)CM frame and the t1, t2 rest frames. A check is
E1,2 = γ(Et

1,2 + βpt
1,2 cos θt

1,2).
From θ1,2 there is a unique relation between cosψ and

cosφ,

cosψ = − cos θ1 cos θ2 + sin θ1 sin θ2 cos φ, (A.6)

or equivalently from θt
1,2

sin θt
1 sin θt

2 cosφ =
4m2

t

(m2
t −m2

W )2
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×
{
p1p2 cosψ (A.7)

+

(√
sE1 −m2

t −m2
W

) (√
sE2 −m2

t −m2
W

)
s− 4m2

t

}
.

The sign of the quantity sinφ is the same as the sign
of the auxiliary variable sinΦ2.

Appendix B: translation between
Γ (λW , λw

′
)’s notation

and helicity parameter’s one of [5, 15,16,18]

For the t → W+b helicity amplitudes, in terms of the he-
licity parameters of [5,15,16,18], the λb = −1/2 polarized-
partial widths and W -boson–LT-interference widths are

Γ (0, 0) ≡ Γ

4
· {1 + ξ + ζ + σ}, (B.1)

Γ (−1,−1) ≡ Γ

4
· {1 + ξ − ζ − σ}, (B.2)

ΓR(0,−1) ≡ Γ

2
· {η + ω} = Γ · ηL, (B.3)

ΓI(0,−1) ≡ −Γ

2
· {η′

+ ω
′} = −Γ · ηL

′
, (B.4)

where the L superscript is suppressed, and Γ is the par-
tial width for t → W+b. For t → W−b, the analogous
formulas λb = 1/2 polarized-partial widths and W -boson–
LT-interference widths are obtained by replacing −1 → +1
in the Γ ’s on the left-hand sides, and then barring all of
the Γ ’s on both sides and also barring all the helicity pa-
rameters.

The important R suppression factor in (18) was denoted
as SW in these references.

Appendix C: ΘB, ΦR to θq, φq formulas

The transformation formulas to express the beam spherical
angles ΘB , ΦR in terms of θq, φq involve the (tt̄)CM W -
boson angles θ1, θ2, and also the auxiliary variables sinΦ2
and cosΦ2 of (69) and (70) [see Figs. 8 and 9]. In the
helicity-conserving contributions

cosΘB = P1 + Q1, (C.1)

P1 = cos θ1 cos θq − cosφq sin θ1 sin θq cosΦ2,

Q1 = − sinφq sin θ1 sin θq sinΦ2,

(1 + cos2ΘB) = P0 + Q0, (C.2)

P0 = 1 + cos2 θ1 cos2 θq +
1
2

sin2 θ1 sin2 θq

− cosφq sin 2θq cos θ1 sin θ1 cosΦ2

+
1
2

cos 2φq sin2 θ1 sin2 θq cos 2Φ2,

Q0 = − sinφq sin 2θq cos θ1 sin θ1 sinΦ2

+
1
2

sin 2φq sin2 θ1 sin2 θq sin 2Φ2,

sin2ΘB cos(2ΦR + φ) = Pκ + Qκ, (C.3)

Pκ = C cosφ+ S ′
sinφ, Qκ = S cosφ− C′

sinφ,

sin2ΘB sin(2ΦR + φ) = Pκ′ + Qκ′ , (C.4)

Pκ′ = C′
cosφ+ S sinφ, Qκ′ = −S ′

cosφ+ C sinφ,

where

C =
1
2

sin2 θ1(3 cos2 θq − 1)

+ cosφq sin 2θq cos θ1 sin θ1 cosΦ2

+
1
2

cos 2φq sin2 θq[1 + cos2 θ1] cos 2Φ2,

S = sinφq sin 2θq cos θ1 sin θ1 sinΦ2

+
1
2

sin 2φq sin2 θq[1 + cos2 θ1] sin 2Φ2,

C′
= sinφq sin 2θq sin θ1 cosΦ2

+ sin 2φq sin2 θq cos θ1 cos 2Φ2,

S ′
= cosφq sin 2θq sin θ1 sinΦ2

+ cos 2φq sin2 θq cos θ1 sin 2Φ2.

For the mixed-helicity contributions, we first define
functions of the final angles:

Cm
1 = sinφq sin θq cosΦ2, Sm

1 = cosφq sin θq sinΦ2,

Cm
2 = cos θq sin θ1 + cosφq sin θq cos θ1 cosΦ2,

Sm
2 = sinφq sin θq cos θ1 sinΦ2,

Cm
3 =

1
2

sinφq sin 2θq cos θ1 cosΦ2

− 1
2

sin 2φq sin2 θq sin θ1 cos 2Φ2,

Sm
3 =

1
2

cosφq sin 2θq cos θ1 sinΦ2

− 1
2

cos 2φq sin2 θq sin θ1 sin 2Φ2,

Cm
4 =

1
4

sin 2θ1(3 cos2 θq − 1)

+
1
2

cosφq sin 2θq cos 2θ1 cosΦ2

− 1
4

cos 2φq sin2 θq sin 2θ1 cos 2Φ2,

Sm
4 =

1
2

sinφq sin 2θq cos 2θ1 sinΦ2

− 1
4

sin 2φq sin2 θq sin 2θ1 sin 2Φ2. (C.5)
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Using these definitions,

sinΦR sinΘB = Cm
1 − Sm

1 ,

cosΦR sinΘB = Cm
2 + Sm

2 ,

sinΦR sinΘB cosΘB = Cm
3 − Sm

3 ,

cosΦR sinΘB cosΘB = Cm
4 + Sm

4 (C.6)

and

sin(ΦR + φ) sinΘB = Pm
1 + Qm

1 ,

Pm
1 = Cm

1 cosφ+ Sm
2 sinφ,

Qm
1 = −Sm

1 cosφ+ Cm
2 sinφ,

cos(ΦR + φ) sinΘB = Pm
2 + Qm

2 ,

Pm
2 = Cm

2 cosφ+ Sm
1 sinφ,

Qm
2 = Sm

2 cosφ− Cm
1 sinφ,

sin(ΦR + φ) sinΘB cosΘB = Pm
3 + Qm

3 ,

Pm
3 = Cm

3 cosφ+ Sm
4 sinφ,

Qm
3 = −Sm

3 cosφ+ Cm
4 sinφ,

cos(ΦR + φ) sinΘB cosΘB = Pm
4 + Qm

4 , (C.7)

Pm
4 = Cm

4 cosφ+ Sm
3 sinφ,

Qm
4 = Sm

4 cosφ− Cm
3 sinφ.

For the “helicity-flip” contributions,

sin2ΘB = 2 − P0 − Q0.

Appendix D: eē → tt̄ production

In eē → tt̄ production, as the center-of-mass energy in-
creases, the helicity-flip amplitudes T (λ1, λ2) of (56) will
be suppressed relative to the helicity-conserving ones by
the factor of

√
2mt/(

√
s). With respect to more accurate

and more precise measurements, this could be a useful vari-
able dependence. We neglect me/

√
s corrections. For the

case of tt̄ production via γ∗, the formulas in the text apply
with the replacement g2 → 2

3 e2 with e =
√

4πα. For Z∗

production, T̃ (−+) = ve + ae and T̃ (+−) = ve − ae with

ve = e(−1 + 4 sin2 θW)/(4 sin θW cos θW)

and
ae = −e/(4 sin θW cos θW),

and

T (−+) = vt + at

(
2P̃ /

√
s
)
,

T (+−) = vt − at

(
2P̃ /

√
s
)
,

T (++) = T (−−) =
√

2vtmt/
√
s),

with

vt = e(3 − 8 sin2 θW)/(12 sin θW cos θW)

and at = e/(4 sin θW cos θW) with P̃ = magnitude of t-
momentum in (tt̄)CM, and 1/s → 1/(s−MZ

2).
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